
1342 IEEE TRANSACTIONS ON CIRCUITS AND SYSTEMS–I: REGULAR PAPERS, VOL. 66, NO. 4, APRIL 2019

Error-Feedback Mismatch Error Shaping for
High-Resolution Data Converters

Jiaxin Liu , Student Member, IEEE, Chen-Kai Hsu, Student Member, IEEE,

Xiyuan Tang, Student Member, IEEE, Shaolan Li , Student Member, IEEE,

Guangjun Wen , Senior Member, IEEE, and Nan Sun, Senior Member, IEEE

Abstract— Device mismatch is a key concern for
high-resolution data converters. This paper presents a
comprehensive study of the error-feedback (EF)-based mismatch
error shaping (MES) technique. EF MES overcomes the key
challenge of the classic dynamic element matching-based MES
whose complexity grows exponentially with the number of
bits; however, the prior EF MES comes with the limitations
of limited shaping capability and reduced dynamic range. This
paper demonstrates how to perform more advanced EF MES
for various types of data converters. Moreover, this paper also
proposes the use of digital prediction to address the dynamic
range loss issue.

Index Terms— Analog-to-digital converter (ADC), digital-
to-analog converter (DAC), successive approximation register
(SAR), error-feedback (EF), mismatch error shaping (MES),
dynamic element matching (DEM), ADC with prediction.

I. INTRODUCTION

DEVICE mismatch is typically the linearity bottleneck for
multi-bit analog-to-digital converters (ADCs) and digital-

to-analog converters (DACs). A classic solution to address
mismatch is to use calibration [1]–[3]. The merit of calibration
is that it can completely remove the mismatch error, but
the limitation is that it requires the mismatch error to be
measured and compensated precisely (even more accurate than
the nominal ADC/DAC resolution), which is nontrivial in
practical implementation. In addition, the mismatch error may
drift due to environment changes (e.g., temperature variation
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and aging). It requires repeated calibration, which may inter-
rupt the normal ADC/DAC operation. One way to address
this problem is to use background calibration that can track
component variations [4]–[6]. Nevertheless, the price is the
increased hardware cost (power, area and complexity). Also,
background calibration may take a long time to converge, and
thus, is unsuitable for single-shot or short-term measurements.

Another method to address the mismatch problem is to use
dynamic element matching (DEM). The rationale of DEM is
not to remove the mismatch error, but rather spectrally shape
it in such a way that it does not affect the overall linearity.
In implementation, DEM requires the DAC to be decomposed
into equally weighted unit elements. An element selection
logic (ESL) block is used to randomly select the unity-
weighted DAC elements at every clock cycle. Even though the
mismatch errors still exist, they are averaged out over time.
An early DEM technique of [7] show that the DAC mismatch
error can be turned into white noise. By barrel-shifting the
DAC elements, the data-weighted averaging (DWA) based
DEM can achieve the 1st-order mismatch shaping [8]–[11].
Lately, advanced mismatch shaping techniques can achieve
higher-order shaping [12]–[15]. Comparing to calibration,
the merit of DEM is that it does not need any prior knowledge
of the mismatch error, and thus, it does not require any extra
circuitry for precise analog error measurement and compen-
sation. By contrast, its ESL block is purely digital, and thus,
scaling friendly. Nevertheless, DEM comes with its own limi-
tations. Its ESL block introduces extra delay, which is undesir-
able for a high-speed closed-loop system (e.g., a �� ADC).
If the DAC digital input is binary sequences (e.g., from a
SAR quantizer), an additional binary-to-thermometer decoder
is needed, which further elongates the delay. In addition,
DEM increases the element switching rate and can cause large
dynamic errors for continuous-time ADCs/DACs [16], [17].
Furthermore, a critical limitation for the classic DEM is that
the number of independently-addressable unity-weighted DAC
elements grow exponentially with the DAC resolution, making
the hardware cost too high when it is directly applied in a
high-resolution data converter without segmentation. However,
many applications demand high-resolution data converters to
reduce the quantization error. For example, many SAR ADCs
are more than 10-bit. The recently emerging noise-shaping
SAR ADCs also have 7-bit or higher resolution [18]–[25].

There are two methods to address the DEM’s complex-
ity problem for high-resolution data converters. One method
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is to apply DEM only to the most-significant-bit (MSB)
bits [22], [23]. The partial DEM is feasible because the MSB
bits contribute the bulk of the mismatch error. Take a 12-bit
DAC as an example, we only apply DEM to the first 4-bits.
This substantially lowers the hardware complexity. It removes
the MSB mismatch errors, but it cannot address the least-
significant-bit (LSB) mismatch errors. As a result, it is insuf-
ficient for applications that demand high linearity, especially
when the input is small [21]. The other method to reduce
complexity is to use segmented DEM [26]–[31]. Unlike the
classic DEM which operates with unity-weighted elements,
segmented DEM avoids the exponential hardware complex-
ity by manipulating DAC segments with different element
weights. As long as sufficient redundancy is retained for the
input values, harmonic distortions from element mismatch can
be avoided. However, the redundancy causes dynamic range
loss. For instance, a 14-bit DAC with the fully segmented
DEM in [27] can be free of nonlinear distortion with only
28 elements, but it requires a maximal total element weight of
215, corresponding to a worst-case dynamic range loss of 6 dB.
The highly-segmented DEM technique in [28] can reduce the
dynamic range loss to 1.2 dB as the total element weight
required for a 14-bit DAC is reduced to 18430, however it
increases the number of required DAC elements to 36.

Recently, Shu et al. [21] developed a mismatch error shap-
ing (MES) technique that can address many aforementioned
limitations of existing DEM techniques. It is based on a differ-
ent concept. Unlike DEM that relies on element scrambling,
this MES technique of [21] works by explicitly feeding back
the mismatch errors from the previous conversion cycle and
subtracting them out in the present conversion cycle. In this
paper, we call it the error-feedback (EF) MES technique based
on its operation principle, and to differentiate it from the
classic DEM based MES techniques. The hardware complexity
of EF MES is low and grows only linearly with the DAC
resolution. EF MES can be realized simply by delaying the
reset of the LSB capacitors. It does not require any ESL
block or binary-to-thermometer encoder as in DEM MES.
Moreover, EF MES can be directly applied to a power-of-
two-weighted DAC without any modification. By contrast,
the classic DEM MES requires decomposing the M-bit power-
of-two-weighted DAC into 2M unity-weighted elements; even
the fully segmented DEM of [27] still requires 2M DAC
elements. Hence, the hardware cost of EF MES is much
smaller than that of DEM MES, making it well suited for
high-resolution data converters.

Despite clear advantages, the original EF MES scheme
of [21] has its limitations. First, the original form of EF
MES presented in [21] can only achieve 1st-order MES
and suffers from idle tones. It cannot be directly generalized
to higher-order and more advanced shaping forms. Second,
the feedback of all LSB DAC values eats up the input signal
range, causing 6 dB dynamic range loss. To alleviate this
issue, the work of [21] separates the DAC into a thermometer
MSB segment and a power-of-two-weighted LSB segment,
and separately applies DEM MES and EF MES to each of
them. This, however, increases the hardware complexity and
brings back the necessity of a thermometer DAC, an ESL block

and a binary-to-thermometer encoder, sacrificing the benefits
of EF MES. Even so, it only minimizes but not eliminates the
dynamic loss.

This paper presents a comprehensive study of EF MES and
proposes several novel techniques to address the limitations
of the prior EF MES technique of [21]. Building upon our
prior work of [32], this paper systematically generalizes EF
MES to 2nd-order and other more advanced forms, enabling
it to be applied to various types of low-pass, band-pass,
and high-pass converters. Moreover, it addresses the critical
dynamic range loss problem by using digital prediction and
taking advantage of the tri-level nature of the MSB capacitor
in a fully-differential DAC. By using advanced prediction
schemes, the proposed technique can support full-scale signal
range with only a mild oversampling ratio of 2, which is
commonly supported by both Nyquist and oversampling data
converters. The need for a separate thermometer DAC segment
is eliminated, greatly reducing circuit complexity.

In this paper, we take a 16-bit SAR ADC to illustrate
the proposed techniques. It is noted that these techniques are
generally applicable for other power-of-two-weighted ADCs
and DACs. This paper is organized as follows. Section II
reviews the prior EF MES technique of [21]. Section III
generalizes EF MES to 2nd-order shaping and other forms.
Section IV proposes the prediction techniques to address the
dynamic range loss issue. Finally, Section V concludes the
paper.

II. REVIEW OF PRIOR EF MES TECHNIQUE

A. Definition of Mismatch Error in SAR ADC

Fig. 1(a) shows a conventional 16-bit SAR ADC. The MSB
capacitor C15 is used as a reference. Each LSB capacitor has
a mismatch ei when referring to C15:

ei ≡ Ci − 2i C = Ci − 2i · C15

215 (1)

Di is the digital control code (±1) for each capacitor
Ci after conversion. Behaviorally, the SAR ADC operation
can be modeled as in Fig. 1(b). In the analog domain,
the weight of the MSB capacitor, D ACM S B = D15 · C15/Ctot ,
and the weight sum of the LSB capacitors, D ACL S B =�14

i=0 Di · Ci/Ctot , are sequentially subtracted from the ana-
log input Vi to bring it close to 0, where Ctot = �15

i=0 Ci .
Along with the subtraction of D ACL S B , the DAC mismatch

error E is introduced in the signal path. In the digital domain,
the digital output Do is constructed by adding up the digital
weight of the MSB, DM S B , and the LSB weights, DL S B . As a
result, Do is given by

Do = DM S B + DL S B = Vi − E (2)

where DM S B = D15/2 and DL S B = �14
i=0 Di · 2i−16. E is

given by:

E =
�14

i=0 Di · ei

Ctot
(3)

Using this definition, both Vi and Do are in the range of
[−1,+1]. Here, the quantization error and noise are ignored
for simplicity purpose to focus the discussion on the mismatch
error E .
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Fig. 1. Illustration of SAR ADC with DAC mismatch: (a) Switching scheme and (b) behavioral model.

Fig. 2. Behavioral model of SAR ADC with EF MES [21].

B. Prior EF MES Technique of [21]

The prior EF MES technique of [21] works by feeding back
the mismatch error of the previous conversion cycle, E(n−1),
to the present cycle as shown in Fig. 2. It can be implemented
simply by maintaining the previous LSB capacitor connections
during the sampling phase and resetting them in a separate
reset phase. In this way, E(n − 1) is fed back to the input
along with the previous cycle LSB values D ACL S B(n − 1).
As a result, DL S B(n−1) has to be subtracted out from D(n) ≡
DM S B(n) + DL S B(n) to get the correct digital output Do(n),
which is given by:

Do(n) = D(n) − DL S B(n − 1) = Vi (n) + Etot(n) (4)

where the total mismatch error Etot(n) is given by:

Etot(n) = E(n − 1) − E(n) (5)

which clearly shows the 1st-order shaping.
Fig. 3 shows the DAC mismatch error waveforms with and

without the 1st-order EF MES. Without EF MES, the original
mismatch error is highly correlated with the input, leading to
large distortions. With EF MES, because of the dither-like LSB
injection, the DAC mismatch error is randomized. Moreover,
due to the mismatch error subtraction, the low-frequency com-
ponents are canceled out and the high-frequency components
are overlaid, leading to the greatly reduced signal dependence
but the twice bigger worst-case errors.

However, one limitation of the 1st-order EF MES is that its
mismatch shaping capability is limited, which is insufficient
for applications where both linearity and area requirements
are stringent. Fig. 4 shows the behaviorally simulation results
of a 16-bit SAR ADC with 1st-order EF MES. The mismatch
among unit capacitors is assumed to follow the normal distrib-
ution with a standard deviation of σ = 5%. The thermal noise

Fig. 3. Simulated mismatch error waveforms of a 16-bit SAR ADC with
and without EF MES.

Fig. 4. Simulated output spectra of a 16-bit SAR ADC with and without EF
MES.

power is assumed to be equal to that of the quantization error.
It can be seen that the performance is significantly improved
after enabling the EF MES, but the spectrum still has obvious
harmonic distortions. Comparing to SAR ADC with an ideal
DAC, the SFDR and SNDR drops are 29 dB and 13 dB,
respectively, at the OSR of 16. This is because 1st-order
mismatch shaping still has appreciable signal dependence
and can produce considerable harmonic distortions. Besides,
because the LSB feedback is deterministic, the 1st-order EF
MES is prone to produce high-frequency spurs, especially
when OSR is small.1 Thus, it is desirable to develop novel EF
MES techniques that can achieve more advanced high-order
mismatch shaping.

Another critical limitation of the EF MES of [21] is that
it suffers from dynamic range loss. For the standalone EF
MES illustrated in Fig. 2, the value of LSB feedback,

1The classic DWA also suffers from high-frequency spurs [8]–[11], and
this issue can be mitigated by advanced DEM techniques [33], [34].
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Fig. 5. Implementation of SAR ADC with proposed 2nd-order EF MES in (a) odd cycle and (b) even cycle [32].

D ACL S B(n − 1), consumes a signal range of 1/2 full-scale.
To prevent ADC from saturation, the analog input signal, Vi

has to be reduced by half, resulting 6 dB dynamic range
loss. This is a significant dynamic range penalty. The work
of [21] alleviates this issue by segmenting the DAC into a
thermometer MSB section and a power-of-two-weighted LSB
section, and apply DEM and EF MES separately. However,
this comes with the cost of increased hardware complexity.
It brings back the limitations of DEM that EF MES aims
to address, including the need for the ESL, the binary-to-
thermometer encoder, and the increased delay. In addition,
the dynamic range loss still exists, though reduced from 6 dB
to 1.2 dB as in [21].

III. PROPOSED EF MES WITH 2ND-ORDER SHAPING

AND GENERAL FORM

In [32], we proposed the 2nd-order EF MES with high-
pass filtering for SAR ADCs. In this section, we discuss the
2nd-order EF MES in detail with comprehensive simulations,
and compare it to the 1st-order one to show its advantage of
higher linearity enhancement capability. Furthermore, we pro-
vide general EF MES solutions for various types of low-pass,
band-pass, and high-pass applications.

A. 2nd-Order EF MES

Inspired by the 1st-order EF MES, a clear way to realize
the 2nd-order one is to feed back a combination of previous
mismatch errors, 2E(n − 1) − E(n − 2). To this end, a com-
bination of LSB analog weights from previous two cycles,
2D ACL S B(n − 1) − D ACL S B(n − 2), needs to be fed to
the ADC input before the SAR conversion starts. Note that
directly applying the digital sum, 2DL S B(n−1)−DL S B(n−2),
to the LSB DAC does not work, as the DAC mismatch error
is no longer 2E(n − 1) − E(n − 2) but replaced by a new
one determined by the pattern of the digital sum. Instead,
to keep 2E(n − 1) − E(n − 2) unchanged, 2D ACL S B(n − 1)
and D ACL S B(n − 2) need to be fed back independently. The

challenge is that how to handle so many independent values
in a single ADC operation cycle.

We proposed a scheme that realizes the 2nd-order EF MES
in [32] by employing two LSB DACs, as shown in Fig. 5.
A 2-bit MSB is used to prevent the ADC from being saturated
by the LSB feedback, which will be discussed in detail later.
The two LSB DACs operate in a ping-pong fashion to convert
the input signal.

Without EF MES, the mismatch error introduced in a ADC
operation cycle, n, can be expressed as

E(n) =
�

−E1(n), n = 2k − 1

−E2(n), n = 2k.
(6)

where E1 and E2 are the mismatch errors from LSB1 and
LSB2, respectively. The MSB DAC is assumed to have no
mismatch in the analysis. In a practical design, the MSB
mismatch can be addressed by using an extra DEM [21].

With the proposed 2nd-order EF MES, the total mismatch
error introduced in a ADC operation cycle, n, becomes [32]

Etot(n) =
�

−E1(n) + 2E2(n − 1) − E1(n − 2), n = 2k − 1

−E2(n) + 2E1(n − 1) − E2(n − 2), n = 2k

(7)

From (6) and (7), we can obtain the following relationship

Etot(n) = E(n) − 2E(n − 1) + E(n − 2). (8)

It shows that Etot(n) is the 2nd-order difference of E(n).
As E(n) is a bounded sequence, we can conclude that Etot(n)
must be 2nd-order high-pass shaped [35].

Fig. 6 shows the waveforms of DAC mismatch errors
with and without the 2nd-order EF MES. Without EF
MES, the original mismatch error waveform shows obvious
low-frequency patterns. After enabling the 2nd-order EF MES,
these low-frequency patterns are eliminated and shaped to
high-frequency noise.

Fig. 7 shows the simulated output spectra of the 16-bit
SAR ADC with and without the proposed 2nd-order EF MES.
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Fig. 6. Simulated mismatch error waveforms of a 16-bit SAR ADC with
and without 2nd-order EF MES.

Fig. 7. Simulated output spectra of a 16-bit SAR ADC with and without
2nd-order EF MES.

The mismatch among unit LSB DAC cells is assumed to
follow the normal distribution with a standard deviation of
σ = 5%. The ADC input amplitude is set to −14 dBFS to
avoid saturation after applying the 2nd-order EF MES, which
will be addressed later. Comparing to the 1st-order EF MES,
the 2nd-order EF MES achieves 23 dB more SFDR and 8 dB
more SNDR, at 16× OSR. Moreover, owing to the randomness
added by the ping-pong feedback from two LSB DACs and
the aggressive shaping capability by the proposed 2nd-order
EF MES, its spectrum shows no appreciable spurious tones
and the 40dB/dec slope in high-frequencies. Comparing to the
ideal DAC case, there is only a slight SFDR drop of 3 dB.

Nevertheless, comparing to the 1st-order EF MES, a draw-
back of the 2nd-order one in Fig. 5 is that it increases the
amount of unit capacitors by 25%. Thus, for the same unit
capacitor size, the DAC switching energy is increased by 25%;
for the same total DAC size, the unit capacitor mismatch is
increase by 12%. In a practical design, the latter can be a
preferred option as the 2nd-order EF MES provides much
stronger shaping capability. Besides, the 2nd-order EF MES
requires two M-bit adders to compute the final result, while
only one adder is required by the 1st-order EF MES.

B. General Form of EF MES

The 1st-order high-pass EF MES with transfer function of
1 − z−1 is achieved by feeding back the previous LSB. It also
has been shown in [21] that the 1 + z−1 EF MES can be
achieved by feeding back the inverted previous LSB and the
1+ z−2 EF MES is realized by feeding back the inverted LSB

from two cycles ago. Moreover, we propose the 2nd-order
(1−z−1)2 EF MES by employing two LSB DACs operating in
a ping-pong fashion to feed back 2DL S B(n−1)−DL S B(n−2).
Following this concept, one can expect that more types of EF
MES are available.

The behavioral model of our proposed general form of
EF MES is illustrated in Fig. 8. A series of previous DAC
mismatch errors, −c1 E(n − 1), · · · ,−ci E(n − i), · · · ,−ck

E(n − k) are fed to the ADC input to cancel the present DAC
mismatch error, E(n). By doing this, the final total mismatch
error becomes

Etot(n) = E(n) + c1 E(n − 1) + · · ·
+ ci E(n − i) + · · · + ck E(n − k). (9)

The resulted transfer function of the general form of EF MES
can be expressed as

T FM E S = 1 + c1z−1 + · · · + ci z
−i + · · · + ckz−k . (10)

In order to feed back the multiple independent DAC mis-
match errors in a single ADC operation cycle, multiple LSB
DACs are required. Fig. 9 presents the implementation of our
proposed general form of EF MES. The (M + N)-bit DAC is
segmented with a M-bit MSB DAC and multiple N-bit LSB
DACs.

The multiple LSB DACs operate in a time-interleaved man-
ner. Their corresponding DAC mismatch errors are fed back in
the sampling and reset phases. The coefficients a1 ∼ ak control
the DAC switchings in the sampling phase and b1 ∼ bk control
those in the reset phase. In this way, the DAC mismatch error
on a certain LSB DAC can be fed back twice in a single
SAR operation cycle. The coefficients c1 ∼ ck in (10) are
realized by

ci = ai − bi , i = 1, 2, · · · , k. (11)

where ai , bi ∈ {−1, 0, 1}. It is noted that bk = 0, because the
LSB DAC controlled by the digital codes from k cycles ago,
D(N−1)∼0(n − k), needs reset to 0 and then performs the SAR
conversion. From (11), it is clear that

ci ∈
�

{−2,−1, 0, 1, 2}, i = 1, 2, · · · , k − 1

{−1, 0, 1}, i = k.
(12)

The restriction on ci is a limitation of the general form of
EF MES. It can only realize limited forms of high-pass and
low-pass EF MES, which are 1 − z−1, (1 − z−1)2, 1 + z−1,
(1 + z−1)2. However, it can provide a variety of complex EF
MES solutions with bandpass shaping. For example, it can
realize 1+z−2 with a pair of zeros at ± fs/4 [21], 1+z−1+z−2

with a pair of zeros at ± fs/3, 1 + 2z−1 + 2z−2 + z−3 with
three zeros at ± fs/3 and fs/2.

In Fig. 9, it shows that there are k LSB DACs for imple-
menting the EF MES transfer function with up to z−k term.
Actually the number of LSB DACs, k∗, may be smaller than k,
it depends on the specific LSB feedback terms. For example,
the 1+z−2 EF MES requires only one LSB DAC because only
one LSB term needs to be fed back; the 1+z−1+z−2+z−3 EF
MES requires only two LSB DACs because the z−1 and z−3

Authorized licensed use limited to: Tsinghua University. Downloaded on February 21,2020 at 14:14:43 UTC from IEEE Xplore.  Restrictions apply. 



LIU et al.: EF MES FOR HIGH-RESOLUTION DATA CONVERTERS 1347

Fig. 8. Behavioral model of SAR ADC with of EF MES.

Fig. 9. Implementation of SAR ADC with general form of EF MES.

terms can be fed back through a same LSB DAC in the
sampling and reset phases, respectively.

A multi-bit MSB can be necessary to prevent ADC from
being saturated by the LSB feedback. For the segmented
DAC with a M-bit MSB and k∗ LSB DACs, the maximum
signal swing that can be processed without saturating the
ADC is

Amax = 2M

2M − 1 + k∗ . (13)

The signal range occupied by the LSB feedback is

AL S B =
�k

i=1 |ci |
2M − 1 + k∗ . (14)

Thus, the available input signal swing can be obtained as

Ain = Amax − AL S B = 2M − �k
i=1 |ci |

2M − 1 + k∗ . (15)

The minimum bit of MSB is determined by the inequation,
Ain > 0, which can be translated into

M > log2
� k�

i=1

|ci |
�

(16)

this requirement on M ensures that the ADC will not be
saturated by the LSB feedback.

IV. ADDRESSING DYNAMIC RANGE LOSS BY PREDICTION

From the discussions above, we know that the standalone
1st-order EF MES MES suffers from 6 dB dynamic range loss.
By equation (15), we can figure out the input signal swing for
2nd-order EF MES with a 2-bit MSB is 0.2, corresponding
to a dynamic range loss of 14 dB. Using segmented DAC
with larger bit of MSB can reduce the dynamic range loss.
In [21], the dynamic range loss by 1st-order EF MES is
reduced to 1.2 dB with a 3-bit segmented MSB. According
to (15), the dynamic range loss by 2nd-order EF MES can
be reduced to 5.1 dB or 2.3 dB with a 3-bit or 4-bit MSB,
respectively. However, it is at the price of the exponentially
increased circuit complexity for an extra DEM to address the
MSB mismatch. Even so, the dynamic range loss still exists.
To mitigate this trade-off, we propose to use prediction to
address the dynamic range loss and relax the requirement on
the segmented MSB bit.

A. Basic Form of Prediction: 1-Bit 1st-Order Prediction

In the original EF MES work of [21], D ACL S B(n − 1)
is added to the input during the sampling phase, the MSB
capacitor is always connected to 0 (i.e., common mode). As a
result, the total effective ADC input, Vi,e f f , is given by:

Vi,e f f (n) = Vi (n) + D ACL S B(n − 1) (17)
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Fig. 10. Proposed EF MES with tri-level prediction.

Thus, if Vi (n) and D ACL S B(n − 1) have the same polarity,
it can cause over range. The signal range of Vi,e f f (n) is
[−1.5,+1.5].

The proposed technique makes use of the MSB capacitor,
CM S B , to form a tri-level prediction of Vi,e f f (n) and subtract
it out, as illustrated in Fig. 10. Mathematically speaking,
in the proposed scheme, a new effective ADC input for SAR
conversion is defined as:

V ∗
i,e f f (n) = Vi,e f f (n) − D ACp,M S B(n) (18)

where D ACp,M S B(n) is the value subtracted from
Vi,e f f (n) through the MSB capacitor, D ACp,M S B(n) ∈
{−CM S B/Ctot , 0, CM S B/Ctot} ≈ {−0.5, 0, 0.5}. As a result,
as long as D ACp,M S B(n) is a reasonably good approximation
for Vi,e f f (n), V ∗

i,e f f (n) can be maintained within the signal
range of [−1,+1].

By examining (17), it is obvious that D ACL S B(n − 1) can
be directly obtained from the previous LSB conversion result
DL S B(n −1), and thus, is known. However, Vi (n) is the input
of the present conversion cycle, and is unknown. To address
this issue, we can use digital prediction [36], [37]. The most
straightforward prediction is to use the previous conversion
result Do(n−1) to approximate Vi (n). This assumes a reason-
able oversampling, such that there exists correlation between
Vi (n − 1) and Vi (n).

Mathematically speaking, the digital prediction Dp(n) for
Vi,e f f (n) is given by:

Dp(n) = Do(n − 1) + DL S B(n − 1) (19)

Thus, the prediction error E p(z) is given by:

E p(z) ≡ Vi,e f f (z) − Dp(z) ≈ Vi (z) · (1 − z−1) (20)

This shows that E p(z) is essentially a 1st-order high-pass fil-
tering of Vi (z). Note that Dp(n) is multi-bit, and thus, cannot
be directly applied to the MSB capacitor, which can only
accept the value of {−1, 0,+1}. Thus, a tri-level quantization
has to be performed on Dp(n), as follows:

Dp,M S Bq =

⎧
⎪⎨

⎪⎩

−1, for Dp < −0.25

0, for −0.25 ≤ Dp ≤ 0.25

+1, for Dp > 0.25

(21)

where Dp,M S Bq is the connection of the MSB capacitor during
the sampling phase. The quantization threshold is chosen to
be 0.25 to support the largest input frequency and amplitude
without saturation.

Fig. 11. Relationship between Vi,e f f , DP , and V ∗
i,e f f under different

conditions (a) 1 < Vi,e f f < 1.5; (b) 0.5 < Vi,e f f ≤ 1; (c) −0.5 < Vi,e f f ≤
0.5; (d) −1 < Vi,e f f ≤ −0.5; and (e) −1.5 < Vi,e f f ≤ −1.

Finally, to compensate for the additional D ACp,M S B sub-
tracted from the input, the digital weight of D ACp,M S B is
added up to the digital output, which is given by

Do(n) = D(n) − DL S B(n − 1) + Dp,M S B(n) (22)

where Dp,M S B = Dp,M S Bq/2.
Fig. 11 shows the relationship between Vi,e f f , Dp , and

V ∗
i,e f f . Depending on the range of Vi,e f f , the requirement

on Dp to ensure V ∗
i,e f f ∈ [−1,+1] is different. It can

be divided into 5 different cases. When Vi,e f f ∈ [1, 1.5],
Dp has to be greater than 0.25 to make V ∗

i,e f f ∈ [0.5, 1].
When Vi,e f f ∈ [0.5, 1], Dp has to be greater than −0.25 to
make V ∗

i,e f f ∈ [0, 1]. When Vi,e f f ∈ [−0.5,+0.5], there is
no requirement on Dp as V ∗

i,e f f is guaranteed to be within
[−1,+1] even when the prediction is wrong. When Vi,e f f is
negative, the requirement is simply the mirrored version for
the positive cases. Based on these requirements, we can derive
that the maximally allowed prediction error E p can be as large
as 0.75, which is easy to satisfy.

Fig. 12(a) shows the hardware implementation of the pro-
posed EF MES technique with prediction when applied to
the 16-bit SAR ADC. Comparing to the original EF MES
scheme of [21], the key difference is that the predicted
Dp,M S Bq(n) is connected to C15 during the sampling phase
to reduce the effective input signal range. Besides, it requires
additional digital circuits for the additions of Dp,M S B(n) and
DL S B(n − 1), and a tri-level quantization. Fig. 12(b) shows
the timing diagram. Comparing to the original form of EF
MES in [21], the proposed EF MES with prediction requires
two extra clock phases for computing the final digital output
and making the prediction, which cause speed degradation.
However, because the computation and prediction are simple,
the amount of time needed is small. Note that this minor speed
penalty can be avoided by embedding the prediction operation
within the SAR conversion phase as shown in Fig. 12(c). The
prediction can be done only using the MSB SAR conversion
results, and thus, it can be performed simultaneously with the
SAR LSB comparisons. Note that doing prediction with only a
few MSB bits will cause the slight increase of the prediction
error; however, because the error is only at the last several
LSB levels, its impact is small.
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Fig. 12. Implementation of EF MES with prediction. (a) SAR ADC operation,
(b) timing diagram and (c) timing diagram of embedding prediction within
the conversion phase.

Fig. 13 shows the input amplitude and frequency range that
the proposed prediction technique can support without signal
overflow. It can be seen from Fig. 13(a) that the prediction
works for a wide range of input amplitudes and frequencies.
Even for full-scale sinusoidal input, the input frequency can be
as high as 0.12 fs , corresponding to an OSR of about 4, where
fs is the sampling rate. As will be shown later, the proposed
prediction can be extended to high-order to support a small
OSR of 2. Such a low requirement on OSR is satisfied by
both Nyquist and oversampling applications.2 When the input
frequency goes beyond 0.12 fs , the available input amplitude
firstly decreases because the prediction error increases with
input frequency, and then increases to full-scale at Nyquist
frequency where Vi (n) and VL S B(n − 1) have the opposite
polarity. The band-limited Gaussian random input signals are

2The 1st-order and 2nd-order EF MESs are generally used for oversampling
applications. For Nyquist converters, we can apply zeroth-order EF MES to
randomize the mismatch error and turn them into white noise. The zeroth-order
EF MES can be realized by feeding back the scrambled previous conversion
codes.

Fig. 13. Simulated input amplitude and frequency range supported by
the proposed 1-bit 1st-order prediction with (a) sinusoidal and (b) Gaussian
signals.

Fig. 14. Simulated input amplitude and frequency range supported by the
proposed 1-bit 1st-order prediction with and without interference.

also tested. It can be seen from Fig. 13(b) that the proposed
prediction can support a standard deviation σ = 0.24 for
Gaussian random signals with a bandwidth of [0, 0.2 fs] and
σ = 0.13 for the full bandwidth of [0, fs/2]. These results
show that the proposed technique has only mild require-
ment on the input amplitude and frequency, and is generally
applicable.

Note that the above discussion regarding the OSR require-
ment assumes no out-of-band interference. However, depend-
ing on the application, there could be strong interference,
which can introduce additional prediction error. As shown
in Fig. 11, the proposed technique has a prediction error
tolerance of 0.75. This means that the total prediction error
produced by both the in-band signal and the out-of-band
interference has to be within this limit. Thus, the presence of
strong out-of-band interference will reduce the allowable input
signal swing and frequency range. Fig. 14 shows the simulated
input amplitude and frequency range with and without out-
of-band interference. The interference is assumed to be a
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Fig. 15. Simulated SFDR/SDNR of a 16-bit SAR ADC with and without
prediction, at 16× OSR.

20% full-scale signal at 0.4 fs . It shows that the maximum
input amplitude is reduced to 80% full-scale, the frequency
range that supports the maximum amplitude is reduced to
[0, 0.07 fs], corresponding to an OSR of 7. The interference
issue requires extra attentions in a practical design.

Fig. 15 is the simulated SFDR and SNDR performance of
a 16-bit SAR ADC with and without the proposed prediction,
at 16 × OSR. It shows that when input amplitude is below
−6 dBFS, the SFDR/SNDR lines before and after prediction
match well. The key difference is that, without prediction,
the input amplitude is limited to −6 dBFS. After enabling
the prediction, the available input amplitude is increased to
0 dBFS. It proves that the proposed prediction can address the
dynamic range loss issue without affecting the shaping capabil-
ity of EF MES. Besides, the fluctuations on the SFDR/SNDR
lines indicate the limited linearity enhancement capability
of 1st-order EF MES.

B. Multi-Bit 1st-Order Prediction

For 2nd-order EF MES, the above mentioned prediction
cannot be directly applied because a multi-bit (at least 2-bit)
MSB DAC is required in the 2nd-order EF MES. Thus,
the prediction output need to be multi-bit. Fig. 16 shows the
prediction for 2nd-order EF MES with a M-bit MSB, in which
the prediction signal Dp is given by

Dp(n) ≡ Do(n − 1) + 2DL S B(n − 1) − DL S B(n − 2). (23)

A (2M+1 − 1)-level quantization is performed on Dp to
obtain the M-bit prediction output Dp,M S Bq . Dp,M S Bq is
then applied to the M-bit MSB DAC in the sampling phase
to reduce the effective input signal range. Similar with the
analysis of Fig. 11, the optimal prediction thresholds those
provide the largest prediction error tolerance can be found at

Vth,i = 2i − 1

2M+1 + 2
, i ∈ [1, 2M − 1]. (24)

where i is the index of prediction threshold in Fig. 16.
Fig. 17(a) shows the input amplitude and frequency range

that can be supported by the multi-bit 1st-order predictions
for 2nd-order EF MES, with sinusoidal input signals. Without
prediction, the input amplitude at low-frequency band is
limited to 0.2 (−14 dBFS) with a 2-bit MSB, or is limited
to 0.56 (−5.1 dBFS) with a 3-bit MSB. It is improved to
a maximum of 0.8 (−1.9 dBFS) by prediction with 2-bit

Fig. 16. Proposed multi-bit prediction for 2nd-order EF MES.

MSB. An interesting phenomenon is that the input amplitude
can exceed the full-scale and the maximum amplitude is
4/3 (2.5 dBFS) when predicting with a 3-bit MSB. This is
because the signal range subtracted from the MSB DAC by
Dp,M S Bq (±7/9) is larger than that occupied by the LSB
feedback (±3/9). The excess signal range (±4/9) can add
up to the original analog input range (±8/9), leading to a
maximum input range of ±4/3. The frequency range that
supports the maximum signal swing is [0, 0.06 fs] by the
multi-bit prediction for 2nd-order EF MES, corresponding
to an OSR of around 8. Comparing to Fig. 17, the input
amplitude supported by multi-bit predictions does not increase
at high-frequencies. The reason is that the injected LSB value
2DL S B(n−1)−DL S B(n−2) becomes small and random when
with a multi-bit prediction, it cannot cancel the input amplitude
at high frequencies. Besides, it can be seen from Fig. 17(b) that
the 2-bit prediction can support a standard deviation σ = 0.23
for Gaussian random signals with a bandwidth of [0, 0.1 fs]
and σ = 0.11 for the full bandwidth of [0, fs/2]. By the
3-bit prediction, the Gaussian random signals with a standard
deviation σ = 0.33 in the frequency range of [0, 0.12 fs ], and
σ = 0.13 for the full bandwidth of [0, fs/2] can be supported.

Fig. 18 shows the simulated SFDR/SDNR of a 16-bit SAR
ADC with and without prediction, at 16× OSR. Without
prediction, the input amplitude of the 2nd-order EF MES SAR
ADC with a 2-bit MSB is limited to −14 dBFS. It is improved
to −1.9 dBFS by prediction with the 2-bit MSB. By 3-bit
prediction, the maximum input amplitude is 2.5 dBFS. Using
larger bit of MSB DAC for prediction can lead to a larger extra
dynamic range, but it is limited by the exponentially increased
circuit complexity for an extra DEM.

C. General Form of Prediction

As discussed in Section IV-A and shown in Eq. (20),
the 1st-order prediction provides the 1 − z−1 high-pass pre-
diction error shaping, and can support a full-scale input in
the frequency range of [0, 0.12 fs]. To extend the supported
input frequency range for Nyquist applications, high-order
prediction techniques can be used. By approximating Vi with
2Do(n −1)− Do(n −2), the prediction error can be 2nd-order
shaped with (1 − z−1)2. Similarly, the 3rd-order (1 − z−1)3
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Fig. 17. Simulated input amplitude and frequency range supported by the
multi-bit 1st-order prediction with (a) sinusoidal and (b) Gaussian signals.

Fig. 18. Simulated SFDR/SDNR of a 16-bit SAR ADC at 16× OSR: without
prediction, with 2-bit prediction and with 3-bit prediction.

Fig. 19. Proposed general form of prediction for EF MES.

prediction error shaping can be realized by using 3Do(n−1)−
3Do(n −2)+ Do(n −3). In addition, the prediction techniques
for high-pass and band-pass signal processing can also be
generalized. For example, the 1 + z−1 prediction provides the
prediction error shaping at fs/2, and the 1 + z−2 prediction
provides the bandpass shaping at fs/4.

Based on the discussion above, the general form of predic-
tion can be reached, as shown in Fig. 19. Different from the
1st-order prediction in Fig. 10, a finite-impulse-response (FIR)
filter is applied on Do to approximate Vi for achieving various

Fig. 20. Simulated sinusoidal input amplitude versus frequency by
(a) 1 − z−1, (1 − z−1)2, (1 − z−1)3 predictions with 1 − z−1 EF MES
and (b) 1 + z−2 prediction with 1 + z−2 EF MES.

prediction error shaping effects. The transfer function of the
FIR filter is given by

H (z) = −cp,1z−1 − cp,2z−2 − · · · − cp,kz−k (25)

Comparing to the general form of EF MES, the coefficient
cp,i for H (z) has no restriction because it is realized in the
digital domain.

The general form of prediction signal is given by

Dp(z) = H (z)Do + DL S Bs (26)

where DL S Bs is the sum of weights of previous LSB feedback.
The general form of shaped prediction error is given by

E p(z) ≡ Vi,e f f (z) − Dp(z)

≈ Vi (z) · (1 + cp,1z−1 + cp,2z−2 + · · · + cp,kz−k)

(27)

Like the case of 2nd-order EF MES, depending on the signal
range occupied by DL S Bs, a multi-bit (M-bit) MSB may be
necessary. If so, Dp has to be re-quantized to M-bit to apply
to the MSB DAC. With a M-bit prediction, the signal swing
compensated by the MSB DAC is

A p = 2M − 1

2M − 1 + k∗ . (28)

Combining equation (28) with equations (13) and (14), the
maximum available input signal swing provided by a M-bit
prediction can be obtained as

Ain = Amax + A p − AL S B

= 2M+1 − 1 − �k
i=1 |ci |

2M + k∗ − 1
. (29)
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Fig. 21. Output spectra of 16-bit SAR ADCs with (a) 1 + z−1 + z−2 EF
MES and 2-bit 1 + z−1 + z−2 prediction, (b) 1 + 2z−1 + 2z−2 + z−3 EF
MES and 3-bit 1 + 2z−1 + 2z−2 + z−3 prediction.

Accordingly, the minimum number of MSB bits that supports
the full-scale input signal is determined by

M ≥ log2(

k�

i=1

|ci | + k∗) (30)

It ensures the signal range occupied by DL S Bs can be com-
pletely canceled out by D ACp,M S B , so that Ain can achieve
the full-scale (Ain ≥ 1).

Fig. 20(a) shows the simulated input amplitude and
frequency range supported by high-order predictions, and
compares them to that by the 1st-order prediction in the
context of a SAR ADC with the 1st-order 1 − z−1 EF MES.
It shows that the 2nd-order and 3rd-order predictions can
extend the input frequency that supporting full-scale input to
0.18 fs and 0.24 fs , corresponding to 2.8× OSR and 2× OSR,
respectively. The high-order predictions improve the prediction
accuracy and extend the input frequency range significantly.

Fig. 20 shows the simulated input amplitude and frequency
range by 1+z−2 prediction for a band-pass SAR ADC with 1+
z−2 EF MES. It shows that the 1+z−2 prediction achieves the
prediction error shaping at fs/4, the full-scale input frequency
range is [0.19 fs, 0.31 fs ].

The proposed general forms of EF MES and prediction can
provide the general solutions for designing complex forms
of mismatch shaping and addressing the dynamic range loss
issue. To demonstrate the usefulness, two simulated output
spectra of bandpass SAR ADCs are provided in Fig. 21.
Fig. 21(a) is the output spectrum of a 16-bit SAR ADC
with 1 + z−1 + z−2 EF MES using a 2-bit MSB and two
14-bit LSB DACs. The corresponding 2-bit 1 + z−1 + z−2

prediction is performed to address the dynamic range loss.
The output spectrum shows the mismatch shaping effect at the
frequency of fs/3. Owing to the prediction, it can operate with
a maximum input signal swing of 0 dBFS, which is consistent
with the analysis result by equation (29).

A more complex 1+2z−1 +2z−2 + z−3 EF MES is realized
by using a 3-bit MSB DAC and three 13-bit LSB DACs,
it achieves the mismatch shaping at both fs/3 and fs/2,
as shown in Fig. 21(b). The 3-bit 1 + 2z−1 + 2z−2 + z−3

prediction is applied to make it operate with a full-scale two-
tone input.

V. CONCLUSION

This paper presents a comprehensive study of EF MES and
proposes several novel techniques to address the limitations of
the prior EF MES technique. It systematically generalizes EF
MES to 2nd-order shaping and general form, enabling it to be
applied to various types of low-pass, band-pass and high-pass
ADCs and DACs. Moreover, this paper addresses the critical
dynamic range loss problem by digital prediction.

Different from the DEM based MES, the EF MES has
lower complexity and can directly work with power-of-two-
weighted DAC elements. As a result, it is especially well
suited for high-resolution data converters. It can serve as an
attractive alternative to calibration and DEM techniques to
handle mismatch errors and improve linearity.
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